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Abstract 
The conjecture of Dirac that every 4-critical planar graph has a vertex of degree at most 4 was 
recently proved by Koester. In this article a different proof is given. 
A graph G is said to be k-critical if it has chromatic number k but every proper 
subgraph of G is (k- 1)-colorable. 
Approximately 30 years ago, Dirac [l] conjectured that every 4-critical planar 
graph has a vertex of degree at most 4. 
Recently, the conjecture of Dirac was settled by Koester [2]. A key ingredient of 
Koester’s proof is a theorem of Stiebitz [4] concerning the maximal number of 
triangles a 4-critical planar graph may contain and whose proof involves algebraic 
methods. The object of this paper is to give another proof of Dirac’s conjecture along 
different lines. 
Theorem 1. Every 4-critical planar graph has a vertex of degree at most 4. 
Proof. Suppose the theorem is false and let G =( V, E) be a 4-critical planar graph in 
which each vertex has degree at least 5. Fix a plane drawing of G. Let n, m and f denote 
the number of vertices, edges and faces of G and let f; denote the number of i-faces, 
that is, the number of faces with i vertices. Let d,(v) denote the degree of the vertex v. 
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We have the following well known relations: 
(1) n - m + f= 2 (Euler’s formula), 
(2) =&(u)=Cifi=2m. 
We associate with G a bipartite graph G whose parts are V and the set 9 of 
nontriangular faces of G. The edges of G are defined as follows: join VE V to FE% if u is 
incident with F in G. We now develop some properties of G and G. 
Property 1. The number of edges of G is Cia4ifi. 
Proof. This is clear from de(F) = 1 F 1 for all FE %. 0 
Property 2. For each UE V, de(u)> 1. 
Proof. Suppose that some UE Vis incident with only triangular faces and let Wdenote 
the wheel with hub u. Since W is a proper subgraph of G, d,(u) is even. Delete an edge 
ab of the rim of W. Then G - ab is 3-colorable and in any 3-coloring the veritces of the 
rim must be colored alternately in two colors and a and b must be assigned different 
colors. However, this implies that G is 3-colorable. Thus, each UE Vis incident with at 
least one nontriangular face and Property 2 follows. 0 
Property 3. If in G, a vertex u is incident with exactly one 4-face and ifall other faces 
incident with u are triangular, then d,(u) is even. 
Proof. Suppose that this is not the case and let the neighbors of u be uo, ul, u2, . . . , uZk. 
Let u, uo, u2k and u be the vertices of the 4-face. Since G is 4-critical, G-uuo is 
3-colorable. In any 3-coloring, uo, u2, u4, . . . . t& are assigned the same color, say red. 
Since uuZk is an edge of G -uuo, u cannot be colored red. But this yields a 3-coloring of 
G. This establishes Property 3. 0 
Partition V into three sets Vr, V2 and V3 as follows: 
Vi={u: uEV,d&u)=S and de(o)=l}, 
V2 = (u: UE V, d,(u) = 5 and dd(u)a 23 , 
V3={u: uEV,dG(u)a6}. 
Property 4. 1 h I< 2m - 5n. 
Proof. We have, by (2), 
2m= C dG(u)= 1 d&u)+ C dG(u)>61V,l+5(n-)V31)=5n+IT/31 
CE v vsy, v+v, 
and Property 4 follows. 0 
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For i 2 5, let 
K= {u: VE V,, v is incident with exactly one i-face). 
Note that the definition makes sense when i = 4. However, V, is empty, by Property 3. 
Also, the sets Vs, Vs, . . . are pairwise disjoint and their union is VI. 
Property 5. Ci,4ifi22n-lV31-_Ci~51~I. 
Proof. The number of edges of G is at least 
Iv,l+2lv2l+lv,l=lv,l+2(n-lv,l-lv,l)+lv3l 
=2n-lV,l-l~l=2n-lV,l-C j&I, 
i35 
and Property 5 now follows from Property 1. 0 
Property 6. 3fs 2 I 6 I. 
Proof. Suppose that there is a 5-face with consecutive vertices u, v, w, x, y such that 
U,U, w, XE V, and y$ Vs. Then G must contain, as a proper subgraph, the graph H in 
Fig. 1. However, H is easily seen to be 4-chromatic. Thus no four vertices of V, are 
incident with a j-face. This implies Property 6. 0 
Property 7. For i 2 6, (i - l)f;: 3 I K I. 
Proof. Suppose there exist vertices ur, u2, . . . . Ui that are consecutive vertices of an 
i-face. Then G must contain, as a proper subgraph, the graph shown in Fig. 2. G - wur 
has a 3-coloring in which w and ur are assigned the same color, say red. In this 
3-coloring u2, u3, . . . , Ui must also be colored red, but this is not the case since 
Ui and w are adjacent. Thus no i vertices of K are vertices of an i-face and 
Property 7 follows. 0 
Now we can complete the proof of Theorem 1. We have 
2m=Cif;:, b(2), 
i>3 
=3f+4 ciJ+c(3i-l2)fi 
i i>4 i25 
>3(m-n+2)+6 2n-IV3(-~~~~+~(3i-12)fi , 
irs i25 
by (1) and Property 5, 
=3~-+~lV~/3(+6+; 3f,-lVJ+~((3i-l2)f,-lVJ) . 
i26 
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Fig. 2. 
By Property 6, 3fs-I V,laO and by Property 7, (3i- 12)h-1 ?$I 2((2i- ll)/(i- 1))l VI 80 
for i26. We then get 
2m-5n<3l&I-12. 
However, this is easily seen to violate Property 4. The theorem follows. 0 
We mention that Dirac made the stronger conjecture that every 4-critical planar 
graph has a vertex of degree 3, but this was shown to be false by Koester [3]. 
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